Abstract. In this paper, we give two properties of C*-algebra that could be deduced from the properties of its large subalgebra. Let A be an infinite dimensional simple unital C*-algebra and let B be a centrally large subalgebra of A, we prove that A has real rank zero if B has real rank zero. If A is stablely finite in addition, B is a large subalgebra of A, we prove that B has local weak comparison if A has local weak comparison, and A has local weak comparison if M 2 (B) has local weak comparison. As a consequence, we show that A has weak comparison if and only if B has weak comparison. These results could be used to study some properties of C*-algebra from its large subalgebra or centrally large subalgebra.
In addition to the above properties, what other property of a C*-algebra can be deduced from the property of its large subalgebra? Phillips [8] gave some open problems about this question, like tracial rank zero, finite nuclear dimension etc. . Question 1.47 in [8] asked that if B is real rank zero, does it follow that A is real rank zero without the condition that B is stable rank one. And Archey etc. [6] said it is possible that one does not need the subalgebra to have stable rank one. Our paper gives an affirmative answer for this problem.
Besides, comparison is an important property of C*-algebra. Toms and Winter [9] conjecture that strict comparison of positive elements, finite nuclear dimension and Z-stable are equivalent in infinite dimensional unital nuclear separable C*-algebra. [8] proved B and A have the same comparison radius. It is called strict comparison when the comparison radius is zero, that is, B has strict comparison if and only if A has strict comparison. However, there are many other comparison properties. Ortega etc. [10] gave a definition of n-comparison of Cuntz semigroup and Winter [11] introduced m-comparison of separable simple unital C*-algebra. The above two definitions are in fact equivalent for simple C*-algebra. Kirchberg and Rørdam defined local weak comparison and weak comparison in [12] . They proved local weak comparison and weak comparison are weaker than m-comparison and strict comparison in some C*-algebra. Fan etc. [13] proved the inheritance of m-comparison from its large subalgebra. In this paper, we prove the permanence of local weak comparison and weak comparison.
To be precise, we first study that real rank zero of centrally large subalgebra could deduce real rank zero of the original algebra without the condition of stable rank one. We get the following result.
(1) Let A be an infinite dimensional simple unital C*-algebra, and let B ⊂ A be a centrally large subalgebra. If RR(B) = 0, then we have RR(A) = 0.
With the property of stable rank one, Archey etc. [6] used matrix decomposition by positive elements to prove the permanence of stable rank one. It is not nice about the Cuntz comparison and Cuntz semigroup of B when B is only real rank zero, we can not use the same proof in [6] . However, C*-algebra with real rank zero has property (SP), there are so many projections in B. So we use matrix decomposition by projections to prove this result.
Next for the permanence of local weak comparison and weak comparison, we have the following results.
Let A be an infinite dimensional stably finite simple separable unital C*-algebra, and let B ⊂ A be a large subalgebra.
(1) B has local weak comparison if A has local weak comparison. The paper is organized as follows. Section 2 contains some preliminaries about Cuntz subequivalent and large subalgebra. Section 3 presents real rank zero of centrally large algebra could deduce real rank zero of the original C*-algebra. Section 4 shows the permanence of local weak comparison and weak comparison.
preliminaries
In this section, we introduce some definitions, symbols and known facts about Cuntz subequivalent and large subalgebra.
For a C*-algebra A, let M ∞ (A) denote the algebraic direct limit of system (M n (A)) ∞ n=1 , K ⊗ A denote the C*-algebraic direct limit of system (M n (A))
and A + denote the set of all positive elements in A.
Definition 2.1. Let A be a C*-algebra, a ∈ A + and ε > 0. Let
Definition 2.2. Let A be a C*-algebra and a, b ∈ (K ⊗ A) + .
(1) We say that a is Cuntz subequivalent to b over A, written
(2) We say that a and b are Cuntz equivalent in A, written a ∼ A b, if a A b and b A a. We write a for the equivalence class of a.
(3) The Cuntz semigroup of A is
together with the operation a + b = a ⊕ b and the partial order a ≤ b ⇔ a A b. (4) We define the semigroup
with the same operation.
Some known facts about Cuntz subequivalent are in the following lemma. All the proofs could be found in section 1 of [5] . Lemma 2.3. Let A be a C*-algebra.
(
(6) Let a, g ∈ A + with 0 ≤ g ≤ 1, and let ε > 0. Then
Notation 2.4. Let A be a unital C*-algebra.
(1) We denote QT (A) the set of normalized 2-quasitraces on A (Definition 2.31 of [15] and definition 2.1.1 of [14] ).
n ) for all a ∈ M ∞ (A) + and τ ∈ QT (A). We also use the same notation for the corresponding functions on (K ⊗ A) + , Cu(A) and W (A). d τ is well defined on Cu(A) and W (A) by part of the proof of proposition 4.2 in [16] . It follows that d τ defines a state on W (A) by the proof of theorem 2.32 in [15] The following result is well known and its proof could be found in lemma 1.22 in [5] . First, we recalled the (centrally) large subalgebra defined by Phillips in [5] and Archey etc. [6] . Definition 2.6. Let A be an infinite dimensional simple unital C*-algebra. A unital subalgebra B ⊂ A is said to be large in A if for every m ∈ Z + , a 1 , a 2 , ..., a m ∈ A, ε > 0, x ∈ A + with x = 1, and y ∈ B + \ {0}, there are c 1 , c 2 , ..., c m ∈ A and g ∈ B such that:
We say that B is centrally large in A if we require that in addition:
(6) For j = 1, 2, ..., m, we have ga j − a j g < ε.
In definition 2.6, the elements c 1 , c 2 , ..., c m could be chosen such that c j ≤ a j for j = 1, 2, ..., m. If the elements a 1 , a 2 , ..., a m ∈ A + , then c 1 , c 2 , ..., c m could be chosen in A + . The following lemma is from lemma 4.7 of [5] and lemma 3.4 of [6] .
Lemma 2.7. Let A be an infinite dimensional simple unital C*-algebra and B ⊂ A be a large subalgebra. Let m, n ∈ Z + , a 1 , a 2 , ..., a m ∈ A, b 1 , b 2 , ..., b n ∈ A + , ε > 0, x ∈ A + with x = 1, and y ∈ B + \ {0}. Then there are c 1 , c 2 , ..., c m ∈ A, d 1 , d 2 , ..., d n ∈ A + and g ∈ B such that:
A is a centrally large subalgebra, then it could require in addition:
(7) ga j − a j g < ε for j = 1, 2, ..., m, gb i − b i g < ε for i = 1, 2, ..., n.
Real Rank Zero
In this section, we prove that A is real rank zero if B is real rank zero when B ⊂ A is a centrally large subalgebra. First we introduce some properties of C*-algebra with real rank zero. Definition 3.1. A unital C*-algebra is said to have real rank zero, written RR(A) = 0, if the set of invertible self-adjoint elements is dense in A sa . A non-unital C*-algebra is said to have real rank zero if RR( A) = 0. Definition 3.2. We say a C*-algebra A has property (SP ) if every nonzero hereditary C*-algebra of A contains a nonzero projection.
It is clear that every C*-algebra with real rank zero has property (SP).
Lemma 3.3. [17, Lemma 3.5.6] Let A be a simple C*-algebra with property (SP) and p ∈ A be a non zero projection. Suppose that a ∈ A + is a nonzero element. Then there is a nonzero projection q ∈ aAa such that q p.
Lemma 3.4. [17, Lemma 3.5.7] Let A be a non-elementary simple C*-algebra with property (SP). Then for any nonzero projection p ∈ A and any integer n > 0, there are n + 1 mutually orthogonal projections q 1 , q 2 , ..., q n+1 such that q 1 = 0, q 1 ∼ q i , i = 1, 2, ..., n, and p = q 1 + q 2 + ... + q n+1 .
Next, we give some lemmas needed in the proof of our theorem and some proofs of the lemmas could be found in [5] and [6] .
Then for every ε > 0, there is δ > 0 such that whenever A is a C*-algebra and x, y ∈ A satisfying
The following lemma is slightly different from lemma 2.6 of [6] .
is continuous with f (0) = 0. Then for every ε > 0, there is δ > 0 satisfying the following. Let A be a C*-algebra, B ⊂ A be a subalgebra, and let x ∈ A + , a ∈ B with x ≤ 1, 0 ≤ a ≤ 1, there is b ∈ B + such that axa − b < δ. Then there exists c ∈ B + such that f (a)xf (a) − c < ε.
Proof. Given ε > 0, we may assume 1 > ε > 0, then there exist n ∈ Z ≥0 and a polynomial g(λ) = n k=0 α k λ k with α k ∈ R for k = 0, 1, ..., n such that α 0 = 0 and
. Let x ∈ A and a ∈ B be as in the hypotheses.
Lemma 3.7. [5, Lemma 5.3] Let A be an infinite dimensional simple unital C*-algebra, and let B ⊂ A be a large subalgebra. Let r ∈ B + \ {0} and a ∈ rAr be positive with a = 1. For ε > 0, there is a positive element b ∈ rBr such that:
Lemma 3.9. Let A be an infinite dimensional simple unital C*-algebra, and let B ⊂ A be a large subalgebra. For any ε > 0, any x ∈ A sa with x ≤ 1, a ∈ A + \{0} with ax = xa = 0. Then there exist y ∈ A sa with y ≤ 1 and b ∈ B + \ {0} such that x − y < ε and by = yb = 0.
Proof. We may assume a = 1. Define
Then y ∈ A sa with y ≤ 1, b ∈ B + , and by = r 1 y = 0, yb = yr 1 = 0.
Since
Lemma 3.10. Let A be an infinite dimensional simple unital C*-algebra, and let B ⊂ A be a centrally large subalgebra. p is any projection in B, supose m, n ∈ Z ≥0 , {pa 1 p, pa 2 p, ..., pa m p} ⊂ pAp, {pb 1 p, pb 2 p, ..., pb n p} ⊂ (pAp) + , ε > 0, x ∈ (pAp) + with x = 1, y ∈ (pBp) + \ {0}, then there are {c 1 , c 2 , ..., c m } ⊂ pBp,
Proof. Let F = {pa 1 p, pa 2 p, ..., pa m p, p} ⊂ A, G = {pb 1 p, pb 2 p, ..., pb n p} ⊂ A + , x ∈ A + with x = 1 and y ∈ B + \ {0}. Since B is centrally large subalgebra of A, by lemma 2.7, there exist e 1 , e 2 , ..., e m , d ∈ A, f 1 , f 2 , ..., f n ∈ A + and g 1 ∈ B such that:
(1)
′ e j ≤ pa j p for j = 1, 2, ..., m, f i ≤ pb j p for i = 1, 2, ..., n; (4)
. Since
Then gpa j p − pa j pg < ε for j = 1, 2, ..., m, gpb i p − pb i pg < ε for i = 1, 2, ..., n.
Theorem 3.11. Let A be an infinite dimensional simple unital C*-algebra, and let B ⊂ A be a centrally large subalgebra. If RR(B) = 0, we have RR(A) = 0.
Proof. Let x be a self-adjoint element in A with x = 1, and let 1 > ε > 0. We will show that there is an invertible self-adjoint element z ∈ A such that x − z < ε. We decompose our proof in the following three steps.
Step
, then x is invertible. So we assume that 0 ∈ sp(x), thus
, then x 0 ∈ A sa with x 0 ≤ 1 and y 0 ∈ A + \ {0} such that x 0 y 0 = y 0 x 0 = 0 and x 0 − x < ε 6 . By lemma 3.9, there exist y ∈ A sa with y ≤ 1 and b ∈ B + such that y −x 0 < ε 6 and by = yb = 0. Then y − x ≤ y − x 0 + x 0 − x < ε 3 . Since RR(B) = 0, then B has property (SP), so there is a nonzero projection p ∈ bBb such that py = yp = 0, then y ∈ (1 − p)A(1 − p).
Therefore, we have proved there are projection p ∈ B + and self-adjoint element y ∈ (1 − p)A(1 − p) with y ≤ 1 such that y − x < ε 3 .
Step II, we approximate y by the sum of two elements: one is an invertible selfadjoint element in (1 − p)B(1 − p), and the other one could be decomposed into the difference of two positive elements which are Cuntz subequivalent to a projection smaller than p.
Since B is unital simple infinite dimensional C*-algebra with property (SP), then there are nonzero mutually orthogonal projections p 1 , p 2 , p 3 , p 4 , p 5 such that 24 whenever e, f ∈ A, 0 ≤ e ≤ 1, f ≤ 1, ef − f e < δ 0 . By lemma 3.6, there is δ 1 > 0 such that if w ∈ A + , e ∈ B with w ≤ 1, 0 ≤ e ≤ 1, there exists f ∈ B + such that ewe − f < δ 1 , then there exists c ∈ B + such that e 
By the choice of δ and (4), we have
By the choice of δ and (2), then there are w
Step III, by matrix decomposition and some twirls, we get an invertible selfadjoint element in A that could approximate to w 1 + y 2 .
Since g .
We obtain
Then r is invertible in A and w is invertible and self-adjoint in A. Moreover,
Hence rwr
* is an invertible self-adjoint element in A, and
Weak Comparison
Local weak comparison and weak comparison are first introduced by Kirchberg and Rørdam in [12] . In this section, we give the permanence of local weak comparison and weak comparison.
Definition 4.1. Let A be a unital, simple, stably finite C*-algebra. We say A has local weak comparison, if there is a constant γ(A) ∈ [1, ∞) such that the following holds. For all positive elements a and b in A: If
If M n (A) has local weak comparison for all n, and sup n γ(M n (A)) < ∞, then we say that A has weak comparison.
First we show that if A has local weak comparison, then its large subalgebra B has local weak comparison. Since we need to discuss
, so the following form of Dini's theorem is useful (see the proof in lemma 6.13 of [5] ).
Lemma 4.2.
[5, Lemma 6.13] Let X be a compact Hausdorff space. Let (f n ) n∈Z+ be a sequence of lower semicontinuous functions f n : X → R {∞} such that f 1 (x) ≤ f 2 (x) ≤ ..., for all x ∈ X and let g : X → R be a continuous function such that g(x) < lim n→∞ f n (x) for all x ∈ X. Then there is n ∈ Z >0 such that f n (x) > g(x) for all x ∈ X. Lemma 4.3. Let A be a unital, simple, stably finite C*-algebra. For all positive elements a and b in A, γ ∈ R such that
Then there exists ε > 0 such that
and n ∈ Z >0 , and define g :
Then {f n } n∈Z>0 are lower semicontinuous functions by lemma 2.5, g is a continuous function, and
So by lemma 4.2, we can get a n ∈ Z >0 such that f n (τ ) > g(τ ) for all τ ∈ QT (A). That is,
Lemma 4.4. [5, Lemma 2.7] Let A be a simple infinite dimensional C*-algebra which is not of type I. Let b ∈ A + \ {0}, ε > 0, and n ∈ Z + . Then there are c ∈ A + , y ∈ A + \ {0} such that 
then we show will a ≤ b in the Cuntz semigroup Cu(B) of B. Thus we will prove that (a − ε) + B b for all ε > 0 by lemma 2.3(4).
By lemma 4.3, there exists ε 0 > 0 such that
Let n > inf τ ∈QT (B) dτ ((b−ε0)+) r − 1 and ε 0 > 0. According to proposition 5.2 and 5.5 in [5] , B is simple infinite dimension C*-algebra, so that it is not type I. By lemma 4.4, there exist c ∈ B + , y ∈ B + \ {0} such that
By the choice of n, we have n n + 1 inf
Then it follows that
Since A has local weak comparison, we have a A c. So there is v ∈ A such that vcv * − a < ε. Since B ⊆ A is a large subalgebra, then for F = {v}, ε 4 c v +1 and y ∈ B, there are v 0 ∈ A + and g ∈ B such that:
Then we get v 0 cv 0 − vcv < ε 2 , and so
By lemma 2.3(3), we have
Use lemma 2.3(6) at the first step, (4.2) at the second step, (5) at the third step, (4.1) at the forth step. Therefore, we prove a ≤ b in the Cuntz semigroup Cu(B) of B.
Next we prove the converse direction. However, we can not get A has local weak comparison if its large subalgebra B has local weak comparison, we obtain that A has local weak comparison when M 2 (B) has local weak comparison.
The following lemma could be found in [5] and it said that we could choose an element very small in the sense of quasitrace in a simple unital infinite dimensional C*-algebra. 
then we will show a ≤ b in the Cuntz semigroup Cu(A) of A. Next, we will prove (a − ε) + A b for any ε > 0.
By lemma 4.3, there exists ε 0 such that
Since B ⊆ A is a large subalgebra, then for F = {a, b}, and 0 < ε 1 < min{ (M2(B) ) . Then there are a 0 , b 0 ∈ A + and g ∈ B such that:
By the choice of ε 1 , we have
Then by (4.3) at the second step. (4.4) and lemma 2.3(3) at the third step, we can obtain
By (4.5) at the first step, lemma 2.3(5) with λ = ε 0 − ε 1 at the second step, lemma 2.3(6) at the third step, d τ (g) ≤ d τ (x) < A b. Use lemma 2.3(5) with λ = ε 2 at the first step, lemma 2.3(6) at the second step, (4.7) at the third step, (4.6) with lemma 2.3(3) at the forth step.
Therefore, we prove a ≤ b in the Cuntz semigroup Cu(A) of A.
With the theorems before, we consider the permanence of weak comparison.
Corollary 4.8. Let A be an infinite dimensional stably finite simple separable unital C*-algebra, and let B ⊂ A be a large subalgebra. Then A has weak comparison if and only if B has weak comparison.
Proof. First we suppose that B has weak comparison, then M n (B) has local weak comparison for all n, and sup n γ(M n (B)) < ∞. By theorem 4.7, since M 2n (B) has local weak comparison, we have M n (A) has local weak comparison, and γ(M n (A)) = γ(M 2n (B)). So sup n γ(M n (A)) < ∞. It follows that A has weak comparison. For the other direction, since A has weak comparison, then M n (A) has local weak comparison for all n, and sup n γ(M n (A)) < ∞. By theorem 4.5, then M n (B) has local weak comparison for all n, and γ(M n (B)) = γ(M n (A)), so sup n γ(M n (B)) < ∞. That is, B has weak comparison.
